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Abstract. Cantor's ternary set was initially discovered in 1874 by Henry Smith and has a 
number of remarkable and deep properties. Through its discovery, Georg Cantor and others 
helped lay the foundations of modern point-set topology. Among the many properties of 
Cantor's ternary set is the property that any compact metric space is the continuous image 
of Cantor's ternary set. This was first proved in 1927, with a proof occurring in the second 
addition of Felix Hausdorff's Mengenlehre and by Pavel Sergeyevich Alexandroff's article 
titled Uber stetige Abbildungen kompakter Raurne, Thus, a natural question to ask is, is 
it true that any compact topological space is the continuous image of the Cantor set? The 
answer to this question is no, since there exists a plethora of compact topological spaces 
whose cardinality exceeds that of the Cantor set. With this in mind, we are immediately led 
to the question, is it true that any compact topological space with the same cardinality as 
the continuum (i.e. that of Cantor's ternary set) is the continuous image of Cantor's ternary 
set? This question is precisely what we address in this note. 



1. Introduction. 

Through the efforts of Benoit B. Mandelbrot, his colleagues, co-authors and friends, 
fractals have been brought to the attention of a wider public. The simplest and probably 
the most important such set is Cantor's ternary set (also referred to as the middle third 
Cantor set), first introduced by Henry Smith [9 1 and subsequently and independently by 
Georg Cantor 0. Cantor's ternary set is generated by the simple recipe of dividing the unit 
interval [0, 1] into three parts, removing the open middle interval, and then continuing the 
process so that at each stage, each remaining subinterval is similarly subdivided into three 
and the middle open interval removed. Continuing this process ad infinitum one obtains a 
non-empty set consisting of an infinite number of points (see Figure[TJi. 

Before formally introducing Cantor's ternary set, let us take a little time to discuss its 
history; our main sources for this are 1U[5). The initial discovery of Cantor's ternary set 
was motivated by the theory of integration. For a while it was thought that a function on the 
real line would be Riemann-integrable if, and only if, it were point-wise discontinuous, with 
discontinuities occurring on a nowhere dense set. (A closed set is said to be nowhere dense 
if the largest open subset is the empty-set.) Moreover, it was believed that sets of the form 
{1/2" :nel) were a prototype for all nowhere dense sets of the real line; specifically it was 
thought that all nowhere dense sets have zero outer Jordan content. Roughly speaking, this 
means that the set can be covered by finitely many intervals of arbitrarily small total length. 
However, in 1875 Henry Smith [9 | proved the existence of nowhere dense sets with positive 
outer Jordan content. In fact he gave a specific recipe for constructing such sets, which 
nowadays are called Smith-Cantor sets ox fat-Cantor sets. Similar to the construction of 
Cantor's ternary set, given in our opening paragraph, a Smith-Cantor set is constructed by 
removing certain open intervals from the unit interval. A particular example of such a set is 
built via the following procedure; one begins by removing the middle open interval centered 
about the point 1 /2 of length 1 /2 2 from the closed unit interval, so that the remaining set 
is the closed set [0,3/8] U [5/8, 1]. The following steps consist of removing subintervals 
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of width 1/2 from the middle of each of the 2 remaining intervals. Thus, for the 
second step, the open intervals (5/32,7/32) and (25/32,27/32) are removed from the closed 
set [0,3/8] U [5/8, 1]. Continuing this process ad infinitum, the remaining set is called a 
Smith-Cantor set. This particular set is nowhere dense in the closed unit interval, but has 
outer Jordan content 1 /2. 



Figure 1. The first six approximations to Cantor's ternary set. 

A decade later, Georg Cantor, through his work on the point-wise convergence of 
trigonometric series rediscovered the set that is now referred to as Cantor's ternary set; 
specifically Georg Cantor was working on the question, if for all real numbers x, except 
those in some set P, we have that 

GEO V" 1 

h y (a„ cos(«;t:) + b„ sin(nx)) = 0, 

2 B=l 

must all the coefficients a n and b„ be zero? This led him to study the point-set topology of 
the real line and in a footnote in the fifth of a series of papers titled Uber unendliche, lineare 
Punktmannigfaltigkeiten, Georg Cantor presents the set which we now refer to as Cantor's 
ternary set. Moreover, interestingly, it is believed that these articles were a precursor to 
Cantor's theory of transfinite numbers. 

We have given the standard geometric definition of Cantor's ternary set in our opening 
paragraph, let us now formally define Cantor's ternary set in arithmetic terms. 



Definition 1.1. The set 

C : 

is called Cantor's ternary set. 



2^: W „e{0,l}forallneN[ 

UeN J 



Here and in the sequel we always let C denote Cantor's ternary set equipped with the 
subspace topology (Definition |2.4| i induced by the Euclidean norm of R. Below we list some 
of the remarkable and deep properties of Cantor's ternary set adhered to in the abstract; for 
the reader who is not familiar with terminology from point-set topology, we include, in 
Section[2] basic definitions from point-set topology. For a proof of Properties (2) to (9) we 
refer the reader to or (8] Counterexample 29]; Property (1) is discussed in Section[3j for 
a proof of Properties (10), (1 1) and (12), the definition of the Lebesgue measure, Hausdorff 
dimension and that of a self-similar set, we refer the reader to Q. 



(1) Any compact metric space (Definition 2.1 and 2.9 1 is the continuous image of C 



(2) The set C is the infinite product of locally connected spaces (Definition |2.6| >, but is 
not locally connected itself. 

(3) The set C is totally disconnected (Definition |2.7[ ). 
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(4) The set C is perfect (Definition |2.8[ ). 

(5) The set C is compact (Definition |2.9| l. 

(6) The set C is nowhere dense in the closed unit interval [0,1]. 

(7) The set C is Hausdorff (Definition 2.10| i. 



(8) The set C is normal (Definition |2.1 1| > 

(9) The cardinality of C is equal to that of the continuum. 

(10) The one dimensional Lebesgue measure and outer Jordan content of C are both 
equal to zero. 

(1 1) The Hausdorff dimension of C is equal to log(2)/log(3). 

(12) The set C is a self-similar set. 

In this note we are interested in whether Property (1), more commonly known as the 
Hausdorff-Alexandroff Theorem, can be strengthened. What is not remarked, in the current 
literature, as far as we are aware, is the importance of the space being a metric space. Clearly, 
since there exists a plethora of compact topological spaces whose cardinality exceeds that 
of the Cantor set, the question we endeavour to answer is: 

Does there exist a compact topological space with cardinality not exceeding 
that of the continuum (i.e. that of C) that is not the continuous image of CI 

The problem in proving or dis-proving this result is that one needs to consider spaces which 
are quite far away from being Hausdorff, since any compact, Hausdorff space which is 



second countable (that is, a space whose topology can be generated, see Definition 2.3 
by a countable collection of sets) is metrisable. Moreover, out of those spaces which are 
non-Hausdorff, we need to exclude those which are the quotient or factor of a compact 
metric space. It turns out that the answer to this question is in the affirmative. 

Theorem 1.1. There exists a compact topological space (T, f) with cardinality not exceeding 
that of the continuum which is not the continuous image of C when equipped with the 
subspace topology induced by the Euclidean norm of the real line R. 

We will prove this result in Section |4] In doing so we will need an auxiliary result, 



Lemma 4.1 in the proof of this result we also rectify an error in [8 Counterexample 99]. 
However, before doing so, we first, in Section [2] present basic definitions from point set 
topology. Then, for completeness, in Section |3]we present an outline of the proof of the 
Hausdorff-Alexandroff Theorem (Property (1)). 



2. Definitions and early history of point-set topology. 

The definition of a topological space, that is now standard, was a long time in the making 
and generalises the notion of a metric space. Georg Cantor, Camille Jordan and Giuseppe 
Peano shaped the beginning of point-set topology in the late nineteenth century, which then 
developed further during the first decades of the twentieth century through the efforts of 
Adolf Hurwitz, Arthur Schoenflies, Henri Poincare, Hans Hahn and David Hilbert, to name 
but a few. 



2.1. The early history. Point-set topology is the study of the intrinsic properties of surfaces 
that are independent of distance. The classic example of this is that, from a topological point 
of view, the surface of a doughnut (or torus) and that of a coffee cup are the 'same', that is, 
one such object can be continuously deformed, without ripping, glueing or punching a hole, 
into the other. But why is point-set topology an important topic to understand? We believe 
that a brief historical recap of the beginnings of point-set topology should help a beginner 
grasp and become interested in this area, which is often remarked as being inaccessible. 
Our main source is Q . 

Two very important results in analysis cannot, in modern mathematical terms, be dis- 
cussed without the notion of a limit point. These two results are: 
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(a) the Bolzano-WeierstraB Theorem, which states that every infinite set of points in a 
bounded region of W possesses at least one limit point, and 

(b) the existence of a function which is both nowhere differentiable and everywhere 
continuous, such a function is referred to as a Weierstrafi function. 

Thus, in the work of Bernardus Bolzano and Karl Weierstrafi (early to mid nineteenth 
century) there are places where one can arguably see the beginnings of point-set topology. 
Georg Cantor's series of papers titled Uber unendliche, lineare Punktmannigfaltigkeiten 
addresses precisely this point and much more. In particular, how can one define a limit 
point. This problem is solved by introducing the derived set, a purely point-set notion. 
Moreover, in these articles Georg Cantor gives a detailed and meticulous construction of the 
real numbers and in doing so made it possible to build a rigorous foundation of the notion 
'nearness without distance' . These initial ideas place point-set topology within the larger 
mathematical world. 

Camille Jordan and Giuseppe Peano were among the first to take Georg Cantor's ideas 
further, and although they worked separately on problems of measure theory and integration, 
they saw the importance of Georg Cantor's work and the consequences it had on the topic 
of measure theory and integration. Moreover, both Camille Jordan and Giuseppe Peano 
developed Georg Cantors work further. Within the topic of topology Camille Jordan is 
probably most famous for his celebrated theorem on closed curves in the plane and Giuseppe 
Peano for his astounding discovery/construction of a space filling curve, a curve which 
covers all points of a square (see 1 10] for an introduction to the topic of space filling curves). 

2.2. Basic definitions. Let us now begin by defining various basic concepts, which we 
will use and have already mentioned above. For a good introduction to point-set topology 
and proofs of results mentioned but not proven, we refer the reader to lfTT1fT2ll . A metric 
space is a set of points whose only structure is a notion of distance. 

Definition 2.1 (Metric space). A metric space is a set X of points together with a distance 
function d : X x X -» R such that, for all x,y,z& X: 

(Positive): d(x,y) > and d(x,y) = if, and only if, x — y, 

(Symmetric): d(x,y) = d(y,x), and 

(Triangle inequality): d(x,z) < d(x,y) + d(y,z). 

Closely related to metric spaces are topological spaces, which are equipped with a notion 
of closeness without the need for a distance function. In the topological approach, the notion 
of an open set is used to 'measure' closeness. In particular two points are said to be 'close' 
if they share in common 'most' of their open neighbourhoods. 

Definition 2.2 (Topological space). A topological space is a set of points X together with a 
collection of subsets r of X, which are by definition the open subsets of X, such that: 

(a) any arbitrary union of open sets is open, 

(b) any finite intersection of open sets is open, and 

(c) the set X and the empty set are both open. 

The collection of open sets t is often referred to as the topology. An open set U containing 
a point x e X is called an open neighbourhood of x. A set A c X whose complement A c is 
open is called a closed set. 

Definition 2.3 (Generating set). A generating set for a topology r is a collection of sets 
-y Ct such that any set belonging to t can be written as the finite intersection of arbitrary 
unions of sets from y. 

Definition 2.4 (Subspace topology). All subsets A c X inherit a topology from (X,f), 
defined by intersecting each element of r with A. 
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Topologies may be compared to each other. If all open sets in a topology n are also open 
in T2, then T2 is said to be finer than t\, while t\ is said to be coarser than T2- The coarsest 
topology is the trivial topology given by the collection \%,X), while the finest topology is 
the discrete topology, in which every subset of X is defined to be open. Two topologies are 
said to be equivalent if t\ is finer than T2 and vice versa. 

In a metric space or normed space, the generating set given by the set of open balls forms 
the topology called the metric topology sometimes referred to as the topology induced by 
the metric, or respectively, the norm. Note that the set of open balls itself is not a topology, 
since unions of open balls are open but may not themselves be open balls. Further, A 
topological space is said to be metrisable if there exists a metric on the space that induces 
an equivalent topology. 

2.2.1. Functions between topological spaces. In topology, continuity is expressed in terms 
of open sets. A continuous function f : X — > Y between topological spaces (X,ti) and (Y,T2) 
is a function such that f~ l (U) is open whenever U c Y is open. A function is continuous at a 
point x e X if it is continuous on an open neighbourhood of x. This definition coincides with 
the e-5 definition of a continuous function between metric spaces. Note the directionality of 
this definition, in particular one requires the inverse image of open sets to be open, rather 
than the forward image. There is another name for when the forward image of an open set 
is open, namely, a function / : X — > Y is said to be open (closed) if f(A) is open (closed) 
whenever A is open (closed). 

2.2.2. Properties of topological spaces. The notion of open and closed sets also permits a 
description of when a set consists of a 'single piece', instead of several smaller pieces. 

Definition 2.5 (Connected). A space X which is not the disjoint union of two non-empty 
open subsets is called connected. 

Definition 2.6 (Locally connected). Let (X, t) be a topological space, and let x be a point 
of X. We call X locally connected at x if for every open set V containing x there exists a 
connected, open set U with xeU QV. The space X is said to be locally connected if it is 
locally connected at all xeX. 

Definition 2.7 (Totally disconnected). Let (X,t) be a topological space. The maximal 
connected subset of X containing a point x is called the connected component of x. The 
topological space (X,t) is called totally disconnected if the only connected components of 
X are single points. 

Definition 2.8 (Perfect). Let Aclbea subset of a topological space (X,t). A point x in 
X is a limit point of A if every open neighbourhood of x contains at least one point of A 
different from x itself. The set A is called perfect if every point x e A is a limit point of A. 

Since topological spaces have no notion of distance, they do not really have a notion 
of size. In some sense, however, the notion of compactness in essence encapsulates this 
concept. In particular, compact spaces allow a transformation from the infinite to the finite. 

Definition 2.9 (Compact). Given a subset A c X of a topological space (X,t), an open cover 
of A is a collection of open sets whose union contains A. A subcover is a sub-collection of 
an open cover whose union still contains A. We call a subset A of X compact if every open 
cover has a finite subcover. 

It is not difficult to show that if / : X — > Y is a continuous function between two topo- 
logical spaces (X,n) and (Y,T2), and if A is a compact subset of X, then /(A) is also compact. 
Moreover, one can show that a subset A of n-dimensional Euclidean space equipped with 
the topology induced by the Euclidean norm, is compact if, and only if, it is closed and 
bounded, that is, there exists a constant k > such that for all a e A, the norm of a is less 
than k. This is known as the Heine-Borel Theorem. 
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Another result which will be important in the sequel is that any closed subset of a 
compact topological space is compact. 

Before ending this section, we state a key result in topology, which we adhered to in the 
introduction, that describes when a topological space is metrisable. 

Theorem 2.1. A compact topological space is second countable if and only if it is metris- 
able. 

2.2.3. Separation properties of topological spaces. In topology, separation indicates the 
ability of open sets to distinguish points. The separation axioms classify a topological space 
X based on how easy it is to separate points into different subsets of X. In this article we 
will be mainly concerned with the following two separation axioms. 

Definition 2.10 (Hausdorff). A topological space (X,t) is called Hausdorjf if given distinct 
points x,y e X, there are disjoint open sets U 3 x and V By. 

Definition 2.11 (Normal). A topological space (X,t) is called normal if given disjoint 
closed sets F,G c X, there are disjoint open sets U 2 F and V 2 G. 

Remark. Any metrisable topological space is Hausdorff and normal. In particular, Cantor's 
ternary set is Hausdorff and normal. (Recall that we assume throughout this article that 
Cantor's ternary set is equipped with the subspace topology induced by the Euclidean norm.) 

3. The Hausdorff- Alexandroff Theorem. 

In this section we present a sketch of the proof of the Hausdorff-Alexandroff Theorem 
which can be found in most modern books on point set topology, for instance lfT2l Theorem 
30.7] or ifTUl Theorem 6.6]. The theorem was first proved in 1927, in the second addition 
of Felix Hausdorff 's Mengenlehre and independently by Pavel Sergeyevich Alexandroff 
HI. This result is not only interesting in its own right, but allowed Hans Hahn to provide 
a simpler proof of his 1914 theorem [6] which was also independently proven by Stefan 
Mazurkiewicz. The statement of this result, which is now known as the Hahn-Mazurkiewicz 
Theorem, is that a Hausdorff topological space is the continuous image of the closed unit 
interval if, and only if, it is a compact, connected, locally connected metric space. We refer 
the reader to IfTSl Theorem 31.5] for a complete proof of the statement, with the remark that 
the difficulty lies in showing the backward implication. 

Theorem 3.1 (Hausdorff-Alexandroff Theorem). Any compact metric space K is the con- 
tinuous image of Cantor's ternary set C. 

In order to outline a proof of this result, we require one further definition, and that is the 
closure of a subset of a topological space. An important property of the closure of a set, 
which will be used, is that it is closed with respect to the topology it is taken with. 

Definition 3.1 (Closure of a set.). Given a topological space (T, t) and a set U c T, we 
define the closure of the set U with respect to r to be the set U together with all of its limit 
points under the given topology t. We denote this later set by U. 

Sketch of Proof. The following is based on IfTUl and follows the same basic steps as Felix 
Hausdorff 's original proof. Pavel Sergeyevich Alexandroff 's proof, on the other hand, differs 
significantly and, interestingly, uses continued fractions. 

From the arithmetic description of Cantor's ternary set C, it is easily verified that each 
point in C corresponds to a 0-1 sequence. If we can devise a 0-1 coding for the points in the 
compact metric space K, we can easily define a mapping / : C — > K which then only needs 
to be checked for continuity. 

We cover Kq := K by open balls of radius 1/2° = 1. Since K is compact we can choose a 
finite subcover. If necessary we can include more sets than required or even include some 
sets multiple times to obtain a finite cover (t/,,) consisting of 2"> sets, for some natural 
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number n\. For each set I/,-, of this subcover we define a new compact set :- Uj l CiKq 
and repeat the procedure for each of the with open balls of radius 1/2 1 . Since these 
are only finitely many sets we can cover each Ki x by 2" 2 sets, for some natural number ni 
independent of i\. Continuing this process and halving the radius of the open balls in each 
step we arrive at nested sequences K - KqD Ki l D Kf u i 2 z> . . . with 4 e {0, 1, . . . ,2"' -1 } for 
each natural number k. Since K is compact and the diameter of the sets decreases with each 
step by a factor of 1 /2, the intersection of each such nested sequence is non-empty and 
consists of exactly one point (this is known as Cantor's Intersection Theorem). Also, each 
point of K is thusly represented by at least one of these sequences because at each finite 
level the sets form a cover of K. 

We have chosen 2 M * sets at each step and therefore we can transform the (/jt)-coding into 
a full binary coding. Now we can define a mapping / : C — > K that maps the binary-coded 
points of the Cantor set surjectively (but usually not injectively) onto the now also binary- 
coded points of K. This mapping is continuous because the binary codings of the entries 
of a converging sequence xt — > x in C coincide in an increasing number of places with the 
coding of x and thus their images f(xk) are contained in a nested sequence of compact sets 
with fix) as the one point in the intersection. □ 

Remark. The continuity argument relies on the fact that convergence in C with regard to 
the metric directly corresponds to convergence in the binary expansion. This only works 
because of the unique binary coding in a ternary environment that Cantor's ternary set 
exhibits; one cannot use the same argument with the usual non-unique binary coding of the 
elements in the interval [0, 1]. 

4. Proof of Theorem 1 1.1 1 

The main idea is to prove Theorem |l.l| by contradiction. In particular to choose a specific 
non-Hausdorff space and show that if there exists a continuous map from the Cantor set into 
this space, then the continuous map must push-forward the Hausdorff property of Cantor's 
ternary set, which will be a contradiction to how the target space was originally chosen. Let 
us first describe the non-Hausdorff space which we will take as our target space, after which 
we will present the proof of Theorem |1.1| 

Lemma 4.1. There exists a countable space T with a topology t which has the following 
properties: 

(a) (T,t) is compact, 

(b) (T,t) is non-Hausdorff, and 

(c) every compact subset of T is closed with respect to T. 
Proof. This proof is inspired by (8j Counterexample 99]. We define 

T := (NxN)U{x,y}, 

namely the Cartesian product of the set of natural numbers N with itself unioned with two 
distinct arbitrary points x and y. We equip the set T with the topology t generated by the 
sets described in (i), (ii) and (iii) given directly below. 

(i) The sets of the form {(m,n)}, for each (m,ri) e N x N. 

(ii) The sets T \ A, where A c (N x N) U {y} contains y and is such that the cardinality of 
the set A n {(m,n) : n e N) is finite for all m e N, that is, the set A contains at most 
finitely many points on each row. These sets are the open neighbourhoods of x. 

(iii) The sets T\B, where 5c(NxN)U {x} contains x and is such that there exists an 
M e N, so that if (m,n) eAn(NxN), then m < M, that is B contains only points 
from at most finitely many rows. These sets are the open neighbourhoods of y. 

Property (a) follows from the observation that any open cover of T contains at least 
one open neighbourhood T \ A of x and one open neighbourhood T \ B of y with A and 
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B as given above. The points not already contained in these two open sets are contained 
in T \ ((T \ A) U (T \ B)) -AC\B which, by construction, is a finite set. In this way a finite 
subcover can be chosen and hence the topological space (T, f) is compact. 

To see why T has Property (b), consider open neighbourhoods of x and y. An open 
neighbourhood of x contains countably infinitely many points on each row of the lattice 
N x N; an open neighbourhood of y contains countably infinitely many full rows. It follows 
that there are no disjoint open neighbourhoods U 3 x and V By and thus T is non-Hausdorff. 

We use contraposition to prove Property (c). Suppose that E c T is not closed. Note that 
we may assume that £ is a strict subset of T since T itself is closed by the fact that e r. 
By construction of the topology, a set that is not closed cannot contain both x and y. Also, 
there needs to be at least one point in the closure E of E but not already in E; this has to be 
one of the points x ory, because singletons {(m,n)} which are subsets of the lattice NxN 
are open and thus the point (m,ri) cannot be a limit point of E. We shall now check both 
cases, that is, (i) if x e E \ E and (ii) if y e E \ E. 

(i) If x € E \ E, then every open neighbourhood of x has a non-empty intersection with 
E. It follows that there is at least one row in N x N that shares infinitely many 
points with E. Denote this row by B. Then the open cover {T \ B) U \{b) : be BnE] 
of E cannot be reduced to a finite subcover, and therefore, E is not compact. 

(ii) If y € E \ E, then, similar to (i), we have that E contains points from infinitely many 
rows. Take one point from each of these rows and call the resulting set A. Then the 
open cover {T \ A} U {{a} : a e A n E) of E cannot be reduced to a finite subcover 
and hence E is not compact. 

□ 

Proof o f\TJ\ Assume that there exists a surjective continuous map / : C —> T. We will 



show that this implies that (T,t) is Hausdorff which contradicts Property (b) of Lemma 4.1 



Choose two distinct points u,veT. Since singletons are compact we have by Property (c) 



of Lemma 4. 1 that the sets \ u) and { v) are closed in T with respect to t. Therefore, their pre- 
images under / are non-empty closed subsets of C and have disjoint open neighbourhoods 
U (w), U (v), as C is normal. The complements of these open neighbourhoods are compact 
subsets of C. Thus, their images under / are compact in T because / is continuous and they 



are closed because of property (3) of Lemma 4. 1 Therefore, 

V(u):=f(U( U yy and V(v) := f(U(vff 
are open neighbourhoods of u and v respectively. We claim that these sets are disjoint: 

v («)nv(v) = f(u (u) c ) c n/(t/(v)T = (f(U(u) c )uf(u (v) c )) c 

= (f(U(ufuU(v) c )) c 

= (/((C/( M )nC/(v)) e )) c = (/(0 c F = 0. 

Hence we have separated the points u and v by open neighbourhoods. Since u,v eT were 
chosen arbitrarily, we conclude that (T,t) is Hausdorff. □ 

Remark. In the above proof we demonstrated that there exists a countably infinite topological 
space which is not the continuous image of C. By adjoining a compact Hausdorff space, 
such as the unit interval, to the space (T,t), using the disjoint union topology, one obtains 
a compact non-Hausdorff space with cardinality equal to that of C. Arguments similar to 
those given above will then show that this space is not the continuous image of C. (See 
ifTTIfL? ! for more on disjoint union topologies.) 
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